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Abstract. If U is a closed orientable graph manifold, we show that Y admits a coori- 
entable taut foliation if and only if Y is not an L-space. Combined with previous work of 
Boyer and Clay, this implies that Y is an L-space if and only ii tti{Y) is not left-orderable. 


Introduction. An L-space is a rational homology sphere Y with simplest possible Heegaard 
Floer homologyJB in the sense that dim HF{Y) = \Hi(Y]Z)\. Ozsvath and Szabo have 
shown, by an argument analogous to one used by Kronheimer and Mrowka in the monopole 
setting m , that the existence of a coorientable taut foliation ensures that dim HF(Y) > 
|iLi(y;Z)| [H]. That is, L-spaces do not admit coorientable taut foliations. 

For certain classes of manifolds the converse is known to hold. In particular, for Seifert 
fibred spaces with base orbifold S'^, Lisca and Stipsicz have shown that if Y is not an L- 
space then Y admits a coorientable taut foliation |13] . (In fact, it can be shown that the 
two conditions are equivalent for all Seifert fibred spaces; see [3].) The main result of this 
note extends Lisca and Stipsicz’s result to general graph manifolds. Recall that a graph 
manifold is a prime three-manifold admitting a JSJ decomposition into pieces admitting 
Seifert fibred structures. 

Theorem 1. LetY be a closed, connected, orientable graph manifold. IfY is not an L-space 
then Y admits a coorientable taut foliation. 

There is a third condition on three-manifolds that is relevant in this setting. Recall that a 
countable group is left-orderable if it admits an effective action on M by order-preserving 
homeomorphisms [5]. There is a conjectured equivalence among prime three-manifolds 
between L-spaces and non-left-orderability of the fundamental group [3]. Theorem [1] gives 
rise to an equivalence between all three conditions for graph manifolds. 
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Theorem 2. IfY is a closed, connected, orientahle graph manifold then the following are 
equivalent: 

(i) Y is not an L-space; 

(ii) Y admits a coorientable taut foliation; 

(iii) Y has left-orderable fundamental group. 

The equivalence (ii) (iii) is due to Boyer and Clay [2]. The implication (ii) (i) is 
established by Boyer and Clay in [3]. Alternately, this implication follows from a theorem 
of Bowden [T] and, independently, Kazez and Roberts that taut foliations can be 

approximated by weakly semi-fillable contact structures, together with the earlier work of 
Ozsvath and Szabo |14j . Theorem [1] provides the final required implication (i) (ii). Note 

that Seifert fibered manifolds are examples of graph manifolds; thus Theorem [2] generalizes 
a result of Boyer, Gordon and the fourth author [3]. When the graph manifold has a single 
JSJ torus, the result is proved in work of the first and fourth authors [8]. 

The equivalence (i) (iii) resolves [U Conjecture 1] in the affirmative for graph manifolds. 
We thank Tye Lidman for pointing out the following immediate consequence: 

Corollary 3. Suppose f: Yi ^ Y 2 is a non-zero degree map between closed, connected, 
orientable graph manifolds. IfYi is an L-space then Y 2 is an L-space as well. 

Proof. This follows from Theorem [2] and [5l Theorem 3.7]. Note that the existence of 
the non-zero degree map / induces a non-trivial homomorphism from 7ri(yi) to 711 ( 12 ) [3 
Lemma 3.8]. Hence if 771 ( 12 ) is left-orderable then so is 7ri(li) [3 Theorem 1.1]. □ 

Our work rests on a detailed study of the Heegaard Floer invariants of orientable three- 
manifolds M with torus boundary. Denote by M (a) the result of Dehn filling along a slope 
a in dM, that is, a represents a primitive class in Hi{dM] Z)/{±1}. The set of slopes may 
be identified with the extended rationals Q U {g}, viewed as a subspace of RP^. Consider 
the set of L-space slopes Cm = {« ] M{a) is an L-space}; its interior C°j^ is the set of strict 
L-space slopes. The key observation used in the proof of Theorem[T]is the following theorem, 
which is a consequence of results proved independently in [8] and [13- 

Theorem 4. Let Ml and M 2 be compact, connected, orientable three-manifolds with torus 
boundary, and suppose that Y = Mi Uh M 2 for some homeomorphism h: dMi —)• dM 2 . If 
Y is not an L-space then 

(1) there exists a slope a in dMi such that a ^ C°^^ and h{a) 0 C°j^^; moreover, 

(2) the closed manifold that results from identifying a G dMi via some homeomorphism 
of the boundary to the rational longitude of the twisted I-bundle over the Klein bottle 
yields a non-L-space, and similarly for h{a) G dM 2 . 

Notions of simplicity. Before proving Theorem [4] we recall the main notions of [8] and 
m in order to highlight a key point of interaction between these two works. The subject 
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of [l5] is the class of Floer simple manifolds: A manifold with torus boundary M is Floer 
simple if and only if Cm contains more than one element [m Proposition 1.3]. In [8], 
the main object of study is the class of simple loop-type manifolds. The bordered Floer 
homology m of these manifolds has a particularly nice form. Below, we briefly summarize 
some relevant facts about bordered Floer homology. For a more detailed exposition we refer 
to [HI Section 2]. 

The bordered Floer module CFD is an invariant of a three-manifold with parametrized 
boundary. When dM is a torus we can specify a parametrization of dM by a pair of simple 
closed curves a,l3 a Ffi(5M;Z) with a • /3 = 1. In this case, the bordered Floer homology 
CFD(M, a, (5) may be represented by a directed graph whose edges are labeled by elements 
of the set A = {pi, P 2 j /O 3 , Pi 2 ) P 23 , Pi 23 }- The triple (M, a, /3) is said to be of loop-type if each 
vertex in the graph representing CFD(M,a, /3) has valence 2 and the number of connected 
components of the graph is equal to the number of spirF structures on M [HI Definition 
3.2]. Such a graph can be decomposed into certain standard puzzle pieces as described in 
[HI Section 3]. For our purposes, the relevant pieces are the ones shown in Figured) The 
property of being loop-type is inherent to the underlying manifold M : If the triple (M, a, (3) 
is of loop-type for some choice of parametrizing curves a and /I, then it is of loop-type for 
any choice of a and (3. In this case, we say the manifold M is of loop-type. 



Figure 1. Puzzle pieces for simple loops; see [8]. The pieces represented 
by the letters c^, and e are shown from left to right where A: is a pos¬ 
itive integer determining the number of o vertices. A simple loop may be 
expressed as a cyclic word in these letters. 

Definition 5. [HI Definition 4.19] A manifold with torus boundary M is of simple loop-type 
if it is of loop-type and, for some choice of parametrizing curves a and f3, CFD(M, a, j3) is 
expressible in the letters Cfc, dk, and e. 

Proposition 6. M is Floer simple if and only if M is of simple loop-type. 

Proof. The bordered Floer homology of a Floer simple manifold M was explicitly computed 
in m Proposition 3.9] for an appropriate choice of parametrization {a,f3). In the course 
of the proof, it is shown that CFD{M, a, j3) is composed of puzzle pieces of type Cfc. Thus 
to see that M is of simple loop type, we need only check that the number of loops is 
equal to the number of spin^ structures on M, which is |FI^(M;Z)| = |FAi(M, clM; Z)| = 
\H,iM;Z)/{a,f3)\. 

Each vertex v of CFD{M,a, j3) is labeled by a relative spin^ structure s(u), which we can 
view as an element of H‘^{M,dM-,73) = FAi(M;Z). By [13 Lemma 3.8], edges of the graph 
labeled by pi preserve this labeling, edges labeled by P 23 shift the labeling by a and edges 
labeled by p^ shift the labeling hy Oi-\- (3. 
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Given a puzzle piece in CFD{M,a, P), let v be its unique black vertex, and label the piece 
by the image of 5 {v) in Z)/(a). This labeling defines a bijection between the set of 

puzzle pieces in CFD{M, a, P) and Hi{M]Z)/(a). Moreover, if the label on a given piece 
is a, the label on the next piece in the loop is a + /3. It follows that the set of loops is 
in bijection with Z)/(a))/(/3) = Z)/(a,/3). Thus a Floer simple manifold is 

simple loop-type. 

Conversely, given a simple loop-type manifold M, fix parametrizing curves a and /3 such 
that CFD{M,a, P) consists only of segments of type Ck, dk, and e. The slope oo is a strict 
L-space slope for {M,a,j3) by O Proposition 4.18]; that is a € C\^. This implies that 
\Cm\ > 1 and therefore, by m Proposition 1.3], that M is Floer simple. □ 

Combining Proposition [6] with (Sj Theorem 1.3] gives a gluing result for Floer simple man¬ 
ifolds. 

Theorem 7. Suppose that Mi and M 2 are Floer simple manifolds, and consider the closed 
manifold Mi U/j M 2 for some homeomorphism h : dMi —> dM 2 ■ 

(1) If neither Mi nor M 2 are solid torus-like, then Mi U/^ M 2 is not an L-space if and 
only if there is a slope a in dMi such that a ^ and h{a) 0 

(2) If either Mi or M 2 is solid-torus like, then Mi Uh M 2 is not an L-space if and only 
if there is a slope a in dMi such that a 0 Cmi o-'nd h(a) ^ Cm 2 ■ 

The two cases arising in this statement are expected: the second accounts for Dehn filling 
(that is, when one of the Mi is a solid torus) and simply verifies the definition of an L-space 
slope. More generally, however, we must appeal to an a priori larger class of manifolds 
which are called solid torus-like [H Definition 3.23], as they are characterized by having 
bordered Floer homology which resembles that of a solid torus in every spin‘s structure [8], 
or equivalently, by having empty T>'^ in the sense of |15j . It is not known if any solid torus¬ 
like manifolds which are boundary incompressible exist. It is plausible that the dichotomy 
in Theorem [3 is simply the difference in behaviour between Dehn filling and more general 
gluing. 


The proof of Theorem l4l According to [HI Proposition 1.3], the set (for z = 1,2) 
is either empty or it is (the restriction to Q U {^} of) a connected interval with rational 
endpoints. In the case C°j^^ = 0, let a be the rational longitude of Mi, which is not an 
L-space slope. Similarly, if = 0 we choose a such that h{a) is the rational longitude 
of M 2 . If and are both nonempty, then Mi and M 2 are both Floer simple [HI 
Proposition 1.3]; since Y is not an L-space it follows from Theorem [3 that there is a slope 
a 0 C £mi such that h{a) 0 required. 

Before proving the second statement, we fix some terminology. Let N denote the twisted 
/-bundle over the Klein bottle, and let M be a manifold with torus boundary. Given a slope 
a on dM, choose a homeomorphism (p : dM dN which carries a to the rational longitude 
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of N. Appealing to the pairing theorem in bordered Floer homology [12^ Theorem 1.3], it 
follows from [H Proposition 7] that dim HF{M N) is determined by a. We say that a is 
NLS detected by A" if M is a non-L-space. (Note that this depends only on a, and not 
on the particular choice of (p.) It follows from m Proposition 7.9] that a is NLS detected 
by N if and only if a ^ The second part of the theorem is an immediate consequence 
of this statement. □ 


Decomposing along tori. Theorem 0] provides the essential tool needed to extend the 
proof of Theorem [T] in the case of a single JSJ torus (see [El Theorem 1.1]) to arbitrary 
graph manifolds. In order to do this, we will need to set up some notation for cutting along 
tori. Note that we may assume without loss of generality that bi(Y) = 0: in the case that 
6i(y) > 0 work of Gabai guarantees the existence of a coorientable taut foliation |6]. Thus, 
every torus T ^ Y separates Y into two rational homology solid tori. 

Given Y and a collection of disjoint embedded tori Ti,..., in T, let y\{Tj} denote the 
result of cutting Y along each torus Tj. Since every torus is separating, this process produces 
n + 1 pieces; that is, = Mi 11... 11 M„+i, where each Mj is a three-manifold with 

dMj a disjoint union of tori. 

If we further specify a collection of slopes a* = (ai,..., an) on each of the tori in {Ti}, we 
can extend each Mj (for 1 < j < n-|- 1) to a closed manifold in the following way: The 
collection of slopes a* induces a collection of slopes on the boundary tori of each Mj, since 
each boundary component of each Mj is identified with one of the Tj. A closed manifold 
Y^* is obtained from Mj by gluing a copy of N (the twisted /-bundle over the Klein bottle) 
to each boundary of Mj such that, for each gluing, the slope A in dN is identified with the 
slope in the relevant component of dMj induced by a*. We say that Y^* is an N-filling of 
Mj along the slopes induced by a*. 

Note that the manifold Y^* described above is not uniquely determined by Mj and a* since 
each time a copy of N is glued to Mj there is an infinite family of gluing maps which take A 
in dN to the desired slope in dMj. A particular gluing map is specified by choosing slopes 
dual to A in dM and dual to each slope induced by a* in dMj] the manifold Y^* depends 
on the particular choice of dual slopes. However, the Heegaard Floer homology of YN does 
not depend on this choice. 

Proposition 8. As a 'LjTL graded group, HF{Y^*) is independent of the choice of dual 
slopes required to define the gluing homeomorphisms. 

Proof. Suppose that and YN are two different A-fillings of Mj along the slopes induced 
by a*. We will show that and YN have the same Floer homology. We may assume that 
the gluing homeomorphisms used to construct and Y^* are the same for all boundary 
components of Mj except one, since we can connect any two A-fillings of Mj by a sequence 
of A-fillings such that at each step only one gluing map changes. Assume, without loss 
of generality, that the gluing maps agree except on the first component of dMj, which we 
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denote {dMj)i. Assume that the torus {dMj)i corresponds to Ti and the slope induced by 
a* is ai. 

Let X denote the manifold with torus boundary obtained from Y^* (or Y^*) by deleting 
the copy of N attached to {dMj)i. Thus we have Y^“* = X N and Y^* = X N, 
where h, h : [dMj)i = dX —>■ dN are two gluing homeomorphisms with h{ai) = h{ai) = A. 
HF{Y^*) and HF(Y^*) can be obtained from the bordered Floer invariants of X and N. 
Changing between the gluing maps h and h corresponds to applying a power of the Dehn 
twist about A to dN. It is shown in [H Proposition 21] that the bordered invariants for N 
are unchanged (up to homotopy) by this Dehn twist, and so HF(Y^*) and HF{Y^*) are 
equivalent. □ 


Slope detection. Given a three-manifold Y, a collection of tori and a collection 

of slopes a*, we have explained how to construct manifolds , and shown that the 

groups HF(Y^*) do not depend on the choices made in the construction. In particular, 
whether or not each Y^* is an L-space is a well-defined question. The key step in proving 
Theorem [1] is the following. 

Proposition 9. Let Y he an irredueihle three-manifold and fix a colleetion of disjoint em¬ 
bedded tori {Ti,... ,Tn} in Y sueh that each torus is separating. If Y is a non-L-spaee, 
then there is some colleetion of slopes a* on these tori with the property that each of the 
manifolds Y°‘* defined above is a non-L-space. 


Proof. First observe that if n = 1 (that is, the collection of tori consists of just one torus), 
this is equivalent to Theorem 3. In this case, Y = Mi Uh M 2 for some gluing map h. By 
Theorem 3, there is a slope a in dMi such that A^-filling Mi along a gives a non-L-space 
and A^-filling M 2 along h{a) gives a non-L-space. Let oi be the slope in Ti that corresponds 
to the slopes a E dMi and h{a) E dM 2 . a* = (oi) gives the desired collection of slopes. 

For the general case, we proceed by induction on n. Assume n > 1 and the result holds for 
collections of fewer than n tori. First cut Y along the torus Ti to produce two manifolds 
Ml and M 2 . By the n = 1 case, there is a slope ai in Ti such that A^-filling Mi and M 2 
along the slopes corresponding to ai produces non-L-spaces. We denote the resulting closed 
manifolds by and 

Having cut along Ti, the remaining collection of tori {T 2 ,... ,Tn\ splits into two subsets 
depending on whether each torus is contained in Mi or M 2 . Up to relabeling the tori, we 
may assume that {T 2 ,..., Tm} is the subset of tori contained in in Mi and {Tm+i,..., T^} 
is the subset of tori contained in M 2 , for some 1 < m < n (note that if m = 1 the first 
subset is empty, and if m = n the second subset is empty). We consider these subsets as 
collections of tori on and Y 2 °^^\ respectively. Note that each collection has at most 

n — 1 tori. 
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By the inductive hypothesis applied to with the collection of tori {T 2 ,..., Tm}, there 

is a collection of slopes ( 02 ; • • • > Om) such that cutting along each torus and iV-filling along 
the corresponding slopes produces only non-L-spaces. Similarly, there is collection of slopes 
(cTm+i,..., Qfri) on the tori {Tm+i, • • •, T„} in with this property. Finally, observe 

that the non-L-space manifolds obtained from by this process together with the non- 

L-space manifolds obtained from are exactly the same as the manifolds obtained 

by cutting Y along the tori {Ti,... ,T„} and iV-filling along the slopes induced by a* := 

(ai,...,an). □ 


The proposition above can be restated using the notion of non-L-space (NLS) detected 
slopes defined in [2]. Let M be a manifold with dM a disjoint union of n tori, and let 
a* = («!, • • • ,an) be a collection of slopes on the boundary tori. Following [21 Definition 
7.2], let [a*]) denote the collection of manifolds obtained by filling each boundary 

component of M by a copy of Nt where the rational longitude of the copy of Nt is sent to 
Qfj. The manifold Nt is the Seifert fibered space over the disk with two cone points of order t 
and Seifert invariants (|, Note that N 2 = N. In particular, in the notation introduced 
above, the set Al2(0; [«*]) is the set of all possible A^-fillings Y“* of M along the slopes a*. 
Recall that all manifolds in this set have the same Heegaard Floer homology. According to 
[21 Definition 7.16], the collection of slopes a* = {ai,a 2 , ■ ■ ■ ,an) is non-L-space detected 
(or NLS detected) if there exists a t > 1 such that no manifold in the set Adt(0; [a*]) is an 
L-space. We can now restate Proposition [9] as follows: 

Proposition 10. Let Y be an irreducible three-manifold with 61 = 0 and fix a collection 
of disjoint tori {Ti,...,T„} in Y. If Y is a non-L-space, then there is some collection of 
slopes a* on these tori with the property that the restriction of to each Mj in is 

NLS detected. 


Proof. By Proposition|9]there is a collection of slopes a* such that each Y^* is a non-L-space. 
For each Mj, where 1 < j < n-|-l, Y^* is by construction an element of Al2(0; [ai]), where ofi 
denotes the restriction of a* to the boundary tori of Mj. Since every element of Al2(0; [a*]) 
has the same Heegaard Floer homology, it follows that no manifold in Al2(0; [«*]) is an 
L-space, and thus ofi is an NLS collection of slopes on Mj. □ 

Remark 11. Notice that we have yet to restrict to graph manifolds, or even to incompress¬ 
ible tori. Indeed, given a rational homology sphere Y that is not an L-space, a collection of 
disjoint tori {Ti} always gives rise to an NLS detected collection of slopes on the boundary 
of each component of Y'\{Tj}. This suggests that the same behaviour for taut foliations 
and/or for left-orders on the fundamental group should be explored. 


The proof of Theorem [TI When Y is a graph manifold and {Ti} is the collection of JSJ 
tori, note that Proposition [TO] verifies one direction of [21 Conjecture 1.10]. This allows us 
to complete the proof of Theorem [H 
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Suppose that y is a graph manifold. Assume that y is a non-L-space and, without loss of 
generality, bi{Y) = 0. If y has a trivial JSJ decomposition, then y is a Seifert fibered space 
and the theorem holds by work of Lisca and Stipsicz m and Boyer, Gordon and the fourth 
author [4]. Suppose then that Y has a non-trivial JSJ decomposition. Note that every JSJ 
torus separates; we take {Tj} to be the JSJ tori so that the components of y\{rj} are 
Seifert fibered. By Proposition [TO] there is a collection of slopes a* = (ai,...,®^), with 
Ui ^ Ti, such that the restrictions of a* to each component of y'^lTj} are NLS detected. 
Therefore, by O Theorem 8.1], the restrictions of a* to each component of y'^lPj} are 
foliation detected. It follows from [21 Theorem 1.7] that Y admits a coorientable taut 
foliation, as claimed. □ 


Coefficients. Up until this point, we have used Floer homology with coefficients in Z/2Z. 
This choice was imposed by our use of bordered Floer homology, which is only defined over 
Z/2Z. We now briefly discuss what happens for other coefficient systems. If G is an abelian 
group, we say y is a G L-space if HF(Y,5]G) = G for all s G spin^{Y). For a closed 
orientable graph manifold Y, we consider the following conditions; 

(1) y is a Z L-space. 

(2) Y \s a L-space. 

(3) y is a Q L-space. 

(4) y does not admit a coorientable taut foliation. 

Clearly (1) => (2) ^ (3). Theorem [1] says that (2) (4). Finally, Ozsvath and Szabo 

showed that (3) (4) |14t remarks following Proof of Thm 1.4]. Thus conditions (2), (3) 

and (4) are mutually equivalent. In fact, we expect that all four conditions are equivalent. 

We briefly sketch the points at which our argument used Z/2Z coefficients, and indicate how 
they might be made to work over Z. First, while the proof of the full version of Theorem 
[7] depends on bordered Floer homology, the weaker version proved in [151 Theorem 1.11] 
is sufficient for the proof of Theorem U) Second, bordered Floer homology was used in the 
proof of Proposition [HI it should be possible to give a proof over Z using the exact triangle 
with twisted coefficients. Finally, the theorem of Lisca and Stipsicz uses Z/2Z coefficients; 
however for any manifold obtained by Dehn filling a Floer simple manifold, the properties 
of being a Z L-space and an Z/pZ L-space are equivalent |15l Proof of Proposition 3.6]. 


Closing remarks. The first author has applied bordered Floer homology to give an algo¬ 
rithm for computing the Heegaard Floer homology of an arbitrary graph manifold [7] . This 
has been implemented on computer, with considerable savings in computation time if the 
combinatorics developed in [8] are incorporated (see [H Remark 6.10] in particular). As a 
consequence of Theorem [2| two questions are now algorithmically decidable: 

Does a graph manifold Y admit a coorientable taut foliation? 

Does a graph manifold Y have a left-orderable fundamental group? 
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The answer to either question is yes if and only if dim HF(Y) > x{HF(Y)) (recall that 
x{HF{Y)) = \F[i{Y;Z)\). This gives a direct, in fact combinatorial, verification of two 
conditions on a three-manifold that seem quite difficult to certify in general. 

Acknowledgements. We thank Jonathan Bowden, Steve Boyer, and Adam Clay for shar¬ 
ing their preprints mm with us, and Steve Boyer, Cameron Gordon, and Tye Lidman for 
helpful comments on an previous version of the manuscript. 
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